We present an approach for computing the real parts of the nonleptonic B → DP and B → DP (P = K, π) decay amplitudes by using lattice QCD methods. While it remains very challenging to calculate the imaginary parts of these matrix elements on the lattice, we stress that their real parts play a significant role in extracting the angle γ in the b−d unitarity triangle of the CKM matrix. The real part on its own gives a lower bound to the absolute magnitude of the amplitude which is in itself an important constraint for determining γ. Also the relevant phase can be obtained by using B-decays in conjunction with relevant charm decay data. Direct four-point function calculations on the lattice, while computationally demanding, do yield the real part as that is not impeded by the Maiani-Testa theorem. As an approximation, we argue that the chiral expansion of these decays is valid in a framework similar to that of hard-pion chiral perturbation theory. In addition to constructing the leading-order operators, we also discuss the features of the next-to-leading order chiral expansion. These include the contributions from the resonance states, as well as the generic forms of the chiral logarithms.
The B + → D 0 P + , B + → D 0 P + decay processes (with P = K, π) are of significant phenomenological importance. These decays can be used for a direct, data-driven, extraction of the CP -odd phase γ of the b−d unitarity triangle in the CKM matrix. In principle, given sufficient number of B-mesons they can provide a determination of γ from experiment to an unprecedented accuracy of ≈ 0.1% [1] . In comparison, the projected accuracy of the angle β is at best ≈ 0.5%, and for α it is likely limited to a few percent [2] . Using only the charged B meson decays to achieve a precise determination of γ is highly valued, since the underlying decay modes are dominated by tree-level weak-interaction processes.
These direct methods for deducing γ from charged B meson decays involve interference between D 0 and D 0 decays to common final states, 1 for example
where -7] . In particular, when the final state f is such that decays from D 0 are Cabibbo allowed, but those from D 0 are doubly-Cabibbo suppressed, e.g. K + π − , then in the overall charged B decays, there is a tendency for the interference to be maximal, giving rise to the possibility of large O(1) CP -asymmetries [5] . This is important as larger asymmetries tend to require fewer B mesons for deducing γ.
Since the time these methods were proposed, it has always been recognized and emphasized that studies of charm decays can be very helpful for extracting γ [5, 6, 8, 9] ; in particular, precise knowledge of the branching ratio of the relevant charm decay modes and the strong phase(s) can significantly facilitate the determination of γ. Specific methods [10] have been proposed for studies at charm facilities for this purpose and great deal of experimental activity has taken place and progress is being made [11] [12] [13] [14] [15] .
The methods proposed in Refs. [5, 6] allow the extraction of γ, as well as the relevant strong phase difference in B − → D 0 P − and B − → D 0 P − amplitudes. In these methods, the branching ratio,
is an essential input. This branching ratio (for P = K or π) has been experimentally measured with good precision. Due to technical reasons, Br[B − → D 0 P − ] is not accessible to experiment [5] ; for this reason in the method of [5, 6] this branching ratio, expressed as the ratio,
is treated as an unknown that can be solved for along with γ. However, determination of this ratio in addition to γ, places additional demands on the number of B mesons that are needed. For this reason, despite the large statistics of the two B-factories [∼ O(10 9 ) B meson samples], γ is presently determined to only ∼ O(25%). This should be compared with about 3% for β, and about 5% for α. To further improve the accuracy on γ, inputs from lattice QCD (LQCD) on the ratio in Eq. (3) would be very useful. In other words if the lattice could provide an accurate value of this ratio, a fewer number of B meson samples will be needed to achieve a given accuracy on γ.
For the purpose of a lattice study, we define a "reduced" ratio which is independent of the CKM matrix elements,
where q = s, d depending on whether P = K or π. Needless to say, the study of hadronic weak decays on the lattice continues to represent an outstanding challenge. Exploratory studies [16] [17] [18] initiated in the 80's did not have much success, because of the Maiani-Testa no-go theorem (MTNGT) [19] . This theorem states that Euclidean four-point correlators (three sources for external hadrons plus one weak-operator insertion point) always result in the average of in-and out-states, leading to the impossibility of extracting information about the strong phases. That is, one can only compute the real parts of nonleptonic decay amplitudes from such correlators in a finite volume. 2 For the calculation of K → ππ on the lattice, one can evade the MTNGT using the Lellouch-Lüscher (LL) method [21] , and the RBC-UKQCD collaboration is making considerable progress [22, 23] in this avenue.
On the other hand, the lattice computation of these B → DP decay amplitudes remains challenging, both because the calculation of the lattice four-point function is computationally demanding to evaluate and because the LL method is only applicable to processes involving elastic final-state scatterings. With the advent of new powerful computers such as the BG/Q, the former difficulty may be overcome in the near future, especially since lattice results for the real part of these amplitudes could provide valuable information on the ratio Eq. (4), and thereby help in the extraction of γ when combined with experimental measurements. For now, we will investigate the use of some approximation methods for tackling these amplitudes. Let us recapitulate that for a determination of the ratio, Eq. (4) , what one needs is the absolute value of the amplitudes for the B → D 0 P and B → D 0 P modes, and not just the real part of the amplitudes that is accessible on the lattice.
So what we envision is that the phase of these amplitudes will also be accessible by combining information from the method of [5, 6] with the phase of the relevant charm modes coming from charm studies as briefly alluded to above.
While the strong phase is vital to determining γ, the real part of the amplitude is still useful in and of itself. This is obtained from direct computation on the lattice from four-point function studies or via approximation methods, directly yielding a lower bound on the absolute value of the amplitude, which would be a valuable constraint on γ extraction. Comparing with the progress on K → 2π decays [22, 23] , it is reasonable to foresee a lattice calculation which may reach a precision on the real part of this amplitude on the order of 15-20% within the next five years.
With the input of such lattice computations, and the progress in the analysis of the CLEO data for the charm decays [14] , one can envisage the extraction of γ with error around 10%.
Regarding the approximation methods for lattice studies, we first examine the possibility of chiral expansion of the real parts of B − → D 0 P − and B − → D 0 P − amplitudes, in the framework of heavy-meson chiral perturbation theory (HM χ PT) which merges heavy quark effective theory and chiral perturbation theory ( χ PT) [24] [25] [26] [27] [28] [29] . The presence of the b and c quarks, both heavier than Λ QCD , allows for systematic expansion in terms of Λ QCD /m b,c (m b,c is the b, c quark mass). This expansion has already been used both in lattice determinations to leptonic and semi-leptonic decays, as well as in the continuum. Combined with the chiral expansion, it leads to a powerful tool for extrapolating lattice data to the physical pion mass. This extrapolation will still be an essential step in lattice calculations in the foreseeable future, since most lattice simulations are not yet performed at the physical pion mass.
To begin, we examine the validity of HM χ PT for the processes we are interested in. In the limit where both the b and c quarks are treated as static, resulting in a soft final-state Goldstone boson, this approach is valid. However, this limit is far from the physical regime, and such an extrapolation would introduce significant systematic errors. Therefore, the straightforward applicability of χ PT is questionable (i.e. it would be a poor approximation with rather large errors). On the other hand, if we perform simulations near the physical kinematic point of the decays of interest [B → DK(π)], the emerging D meson and the Goldstone boson are hard, with p ∼ 2 GeV. The appearance of hard external momenta does not, as one may initially assume, lead to a breakdown in the chiral expansion. It was recently shown that treating the s-quark as heavy and using SU(2) χ PT works quite well for chiral extrapolations [30, 31] . This method can be generalised to processes in which external pions have hard momenta, and applications have appeared in analyzing K ℓ3 decays [32] , K → 2π [33] , as well as extensions to semi-leptonic B-decays [34] . A central concern in all of these applications is how well χ PT works in the presence of hard momenta. In particular, there is evidence that the hard pion does not spoil the chiral logarithms, at least to next-to-leading order (NLO) [35] 5 .
Applying this to processes involving D mesons is straightforward, and a key result is that the hard momenta of the external mesons (both the D and the pion) will be absorbed into a redefinition of the low-energy constants (LEC's), and thus all remaining quantities will be soft. Thus we can still treat the D meson using the non-relativistic approach of HM χ PT, so that corrections arising in the D sector will arise at O(Λ QCD /M D ), as usual.
To investigate the relevant B decay processes, we are interested in the following current-current, ∆b = 1, operators (α, β are color indices)
For the decay channels
The corresponding effective Hamiltonian for these decays is
We will focus on the nonleptonic decays which have the underlying processes b → cud, b → cus, b → ucd, and b → ucs. The first two will be mapped onto different operators in the chiral theory than the final two, because they belong to different irreducible representations under the chiral transformation. Furthermore, a chiral field which creates a heavy-light meson with a c quark is not a field which destroys a heavy-light meson with a c anti-quark. We will discuss the details of these operators in the chiral effective theory in Sec. III.
The outline for this paper is as follows. First, in Sec. II we present an introduction to HM χ PT for B, D and B, D mesons. In Sec. III, we construct the χ PT operators for the quark-level operators in Eqs. (5)- (8). We then treat the leading-order calculation of B → DP and B → DP and relate them to the unphysical B → D and B → D processes. In Sec. IV, we discuss the tree-level resonance (initially either a B * or D * ) contributions to the nonleptonic B decays in the framework of HM χ PT. Finally we sketch the steps required for a full one-loop calculation in Sec. V and conclude in Sec. VI.
II. HEAVY-MESON CHIRAL PERTURBATION THEORY
The strong-interaction chiral Lagrangian for the Goldstone bosons is (the η ′ is already integrated out) [36, 37] 
where µ is a low-energy constant (LEC) related to the chiral condensate, M is the light-quark mass matrix,
Σ = exp(2iΦ/f ) is the non-linear Goldstone particle field, with Φ being the matrix containing the standard Goldstone fields, and we use a normalization for
To account for the light-quark dynamics in heavy-light mesons, one can combine the formulations for heavy quark effective theory (HQET) and χ PT into HM χ PT [24] [25] [26] [27] [28] [29] . There is a U (2m) spin-flavor symmetry on the heavy-quark side for m heavy quarks, and the standard (broken) SU(3) L ⊗ SU(3) R chiral symmetry for the light quarks.
We will sketch the relevant details for constructing HM χ PT, using the notation of Ref. [38] . First, we have the field which destroys (creates) a heavy-light meson
where a is the light quark flavor index, Q is the heavy-quark index, and v is the four-velocity of the heavy-light meson. We use P for the heavy-light pseudoscalar field and V * for the heavy-light vector field. For the heavy-light fields with heavy anti-quarks, we have [39] 
It is convenient when dealing with both charm and bottom quarks and antiquarks to combine them into multiplets which transform under the U (4) spin/flavor symmetry,
where U(x) is a function of L, R and Φ(x).
The Goldstone bosons couple to the heavy-light mesons in HM χ PT via the non-linear realisation
which transforms as
Due to the properties of the heavy-light meson fields in Eq. (16), it is convenient to define objects involving the σ field that transform only with U and U † . The two possibilities with a single derivative are
The Lorentz vector V µ can be combined with the derivative to form a covariant derivative acting on the heavy-light field or its conjugate:
with implicit sums over repeated indices, and similarly for the H Q,a fields. The covariant derivatives and A µ transform under the unbroken light-flavour symmetry as
where we have dropped all the indices for simplicity.
The leading-order chiral Lagrangian is given by
, where
Tr means the complete trace over light quark flavor indices, heavy quark flavor indices, and, where relevant, Dirac indices. Since H and H always appear together in the Lagrangian, we treat HH as a matrix in light-quark flavor space: (HH) ab ≡ H a H b . The axial coupling g π in the above Lagrangian determines the B * −B−Goldstone and D * −D−Goldstone interaction strength. Its value, g π ≈ 0.45, has recently been computed using unquenched lattice QCD [40] [41] [42] .
At the next-to-leading order (NLO), the Lagrangian contains a number of additional terms [38, 43, 44] . Among these terms, only one of them,
is relevant to this paper (λ 2 is a LEC). This operator breaks the heavy-quark spin symmetry and results in the B * −B and D * −D mass splittings. Notice that M P is taken to be the corresponding B and D meson masses in this work, and we do not include other effects related to the breaking of heavy-quark flavour symmetry.
III. THE CHIRAL EXPANSION FOR B → DK(π) AMPLITUDES
The difficulty in the use of χ PT in computations for B → DP decay amplitudes originates in the large momenta carried by the final state hadrons. In general, the chiral expansion is known to be applicable only to processes involving momenta well below the chiral symmetry breaking scale. On the other hand, it has been established recently that χ PT can be valid for amplitudes containing hard final state particles [32] [33] [34] 45] . One important point in such procedures is that the LEC's are no longer universal quantities for a fixed number of sea quarks. Rather, they depend on the hard momentum scale which results from either the kinematics or the mass of the external particles.
This procedure of separating the hard scales in a process is described in detail in the references given above. The key point in this separation lies with the derivative couplings that give rise to momentum dependence in χ PT calculations. When these momenta are external and hard, they can be absorbed into the LEC's of the theory. We will discuss this procedure explicitly with an example diagram for the process B → DP in Sec. V.
First we discuss the construction of the χ PT weak operators corresponding to those in Eqs. (5)- (8) . Omitting the colour indices which do not play a role in χ PT, these operators can be written as
where q i = d or s, and
Under the SU(3) L ⊗ SU(3) R chiral symmetry group, Q b→c,i is in the (8 L , 1 R ) representation, while Q b→c,i is in the (6 L , 1 R ) representation. To bosonise these operators, we promote Γ 1,2 and Γ 1,2 to be spurion fields which transform as
under the heavy-quark spin/flavour and chiral rotations. This renders the operators in Eq. (26) invariant with respect to such transformations. We then find the bosonisation results in the leading order (LO) operators
for Q b→c,i , and 
In particular, the positions of these Dirac structures in HM χ PT weak operators are constrained by heavy-quark spin/flavour symmetry. They have to be inserted to account for light-quark and gluon dynamics. Performing the Dirac traces in Eqs. (29) and (30), we obtain
where β i is a linear combination of α 1,x and α 2,x while β i is a linear combination of α 1,x and α 2,x . At the lowest order in the chiral expansion, only the first terms in the above operators contribute to B → DP and B → DP processes.
It is straightforward to demonstrate that if we evaluate the diagrams in Fig. 1 at leading order,
From Eq. (32), it is clear that beyond the LO, the chiral expansion may become very different for B − → D 0 P − and
In the next two sections, we will discuss the generic features of these amplitudes at the NLO and leave the details to a future publication.
IV. RESONANCE CONTRIBUTIONS
In this section we discuss one generic feature of B → DP correlators and amplitudes, namely, the resonance contribution.
6 This is partly incorporated in HM χ PT via the inclusion of the vector heavy-light mesons. Figure 2 (b) shows a typical diagram in which a resonance (D * in this case) appears in the B → DP correlators. One can also include heavier resonances in the effective theory [47] , but it is beyond the scope of this paper. Here we will address the issue regarding the contribution from the resonance in the time-momentum representation of correlators. To avoid complications arising from the formulation of HQET and HM χ PT in Euclidean space [48] , we work in Minkowski space with the comment that we also carried out a similar calculations by modelling the heavy-light mesons as relativistic particles in Eulidean space and obtained the same conclusions presented in this section.
We first set up the calculation for the LO correlator in Fig. 2(a) . To mimic the setting for most lattice calculations, we integrate over the spatial volume for the positions of external B, D and pion (kaon) sources/sinks, i.e., we perform a Fourier transform for the spatial directions for each of the external points. On the other hand, we fix the location of the weak operator (the square in the diagram) to be at the origin. To be consistent with the notation in Sec. III, we denote the velocity of B and B * by v and that of D and D * by v ′ . For simplicity, the velocity v is chosen to be
and the time-ordering is implemented as
where t B,D,P is the temporal locations of the B, D, P mesons, respectively. Using the Feynman rules derived from the HM χ PT Lagrangian and the weak operators in Eqs. (24) and (32), the result for the contribution from this diagram in the correlator is
where
with p D and p P denoting the spatial momenta of the D and the Goldstone boson. The coupling g BDP is one of the linear combinations of the LEC's β i in Eq. (32).
Next, we discuss the correlator depicted in Fig. 2(b) . This diagram is calculated by integrating over the entire space-time for the location of the strong vertex (denoted by the circle). It leads to the result
A contribution to the process DP → DP involving a single resonance.
with ∆ D denoting the D * −D mass splitting resulting from the heavy-quark spin symmetry breaking term in Eq. (25) . When the final-state momenta are tuned such that
the resonance is on-shell and the correlator contains a linear term in t D ,
which is an energy shift of the final state. When one takes the ratio of the B → DP correlator and the square root of the DP → DP correlator, the t D dependence arising from the square brackets in Eq. (38) (hence this linear term in t D ), is exactly cancelled by the contribution from the diagram in Fig. 3 . 7 The coupling g π is defined in Eq. (24), and g BD * is a linear combination of the LEC's β i in Eq. (32) . Notice that g BD * is different from g BDP and thus the resonance contribution results in general in an additional unknown parameter for B → DP amplitude at the tree level.
V. BEYOND TREE LEVEL
The use of tree-level χ PT is certainly limiting. While many systematic errors should cancel when looking at the ratio of B → DP to B → DP , going to higher order both in the chiral and heavy quark expansions is essential. Using the symmetry relations resulting from Eq. (32), we could attempt an NLO calculation to make similar relationships at higher order, which is possible in the case of K → 2π, as in, for example, Refs. [52] [53] [54] .
In order to treat these processes in the physical regime, we use the methods of Refs. [32] [33] [34] : Hard-pion χ PT (HP χ PT). As discussed earlier, this formalism uses the fact that one or more of the momenta in the final state very well may be hard, and at the physical point for B → DP , this is true. For this section we will focus on P = π.
In order to apply HP χ PT to both B → Dπ and B → Dπ, there are quite a few one-loop diagrams that we must evaluate. The result of a complete calculation (i.e., the sum of all one-loop diagrams) is expected to take the following generic form [working with the SU(2) chiral theory for now]
where M is one of the the particular amplitudes from Sec. III, and M tree its tree-level value. a is a coefficient that depends on the particular kinematics chosen for the diagram, and L is a linear combination of low-energy constants as well as terms arising from higher-order chiral-level weak operators.
8 These would be determined from evaluating the full one-loop corrections to these amplitudes. We stress that a and L above will depend on all the hard quantities, specifically the mass of the external D meson and the momenta of both the external D meson and pion. This dependence is not known analytically, and it makes the LEC's non-universal when varying the hard momenta. However, at any fixed kinematics, the values of the LEC's are still fixed 9 . Additionally, we note that since all the hard scales are absorbed into the LEC's, we expect similar convergence as that of ordinary χ PT. Corrections to the heavy quark expansion will be more significant coming from the D-meson, and thus both a and L will have O(1/M D ) corrections.
In order to understand the specific details, we work through an example diagram, shown in Fig. 4 . To evaluate this diagram, we envision a lattice simulation where momentum will be conserved at the strong vertex, but need not be at the weak vertex. Thus, we define the momentum entering the weak vertex as p wk , the momentum flowing through the pion line is ℓ (the integration variable), and the external D meson has velocity v ′ and residual momentum k, so that this diagram has the form,
so that the full integral contributing to this diagram becomes either
if we insert momentum into the weak vertex such that p π ≈ 0, or
if we choose p wk such that p π ≈ k. These would give rise to different values of the coefficient a in Eq. (42) . This can thus be extended to all of the diagrams that would contribute to one-loop order, and for each chosen set of kinematics, we would be able to find different expressions for a in Eq. (42), and in general, the LEC L in that equation would have an unknown dependence on the kinematics. However, the pion mass dependence is well determined.
We close this section by noting that HP χ PT is not applicable for extracting the strong phases of B decays via the computation of the one-loop diagram in Fig. 4 . The imaginary part in this diagram is proportional to
π , therefore grows with the increasing momenta carried by the final-state mesons, leading to the failure of the chiral expansion when p D and p π are large. This can be understood by noting that the imaginary part arises from the contribution in which both mesons in the loop are on-shell, and therefore cannot be soft.
VI. SUMMARY AND OUTLOOK
In this paper, we proposed a strategy for calculating B → DP and B → DP (P is a Goldstone boson) decay amplitudes via lattice calculations. Indeed the real part is accessible directly via four-point function calculations on the lattice as it does not suffer from the Maiani-Testa No-Go Theorem, though it is computationally demanding. As an approximation, one can invoke the chiral expansion, specifically taking into account the large momenta of the final state mesons. We argue that this hard-pion chiral expansion is valid for these decays, for similar reasons to those in semileptonic B decays and in K → ππ amplitudes. In general, this hard-pion chiral expansion results in momentum dependence of low-energy constants and the coefficients of the chiral logarithms. From our investigation of the structure of a typical one-loop diagram (Fig. 4) , it is shown explicitly how this occurs for the B → DP amplitudes.
We constructed the leading-order operators, relevant to these decays, in the chiral effective theory. We studied the tree-level resonance contributions in the framework of HM χ PT, and showed that these contributions are accompanied by combinations of the LEC's which are different from that for the corresponding leading-order B → DP and B → DP amplitudes. As such, incorporating resonances in the study of the lattice correlators allows us to extract some of the LEC's that are not accessible by applying χ PT naively.
To complete this inital approach, the complete one-loop contributions must be calculated [55] . One can combine these χ PT results with lattice simulations to compute the real parts of B → DP and B → DP decay amplitudes. Although the lattice calculation for the imaginary parts of these matrix elements is challenging, their real parts can already provide important information for an accurate determination of the angle γ in the b−d unitarity triangle in the CKM matrix. The real part gives a lower bound to the absolute value of the amplitude, which would be very useful in the phenomenology of γ-extraction, and by combining this with the information on strong phases from B and D decays, the absolute magnitude of the amplitude can also be deduced.
Finally, let us note that, in the long run, as the lattice program succeeds in evaluating r red BP and with experimental studies using larger data samples, experiment will be able to pin down r BP with increasing precision. We envision that a combination of these efforts could lead to an improvement in determinations of γ to about 10% in 3-5 years. In the longer term, with the use of even more powerful computers and with data from Super-LHCb and Super-B factories, the error could be reduced to a few percent. These improved determinations should allow a useful constraint on V combo CKM [Eq. (4)] and consequently on V ub since all the other factors therein are already known quite well. Given the serious difficulties [56] in a precise determination of V ub through the conventional semileptonic methods, having an independent constraint via purely hadronic decays: B → D(D)P may also prove useful.
